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The Single-Cycle Scheme:
A New Approach to Numerical Optimization

MagdiH. Rizk*
Flow Industries, Inc., Kent, Washington

A new scheme is presented for solving optimization problems, in which the objective function is dependent on
the solution of a partial differential equation. The scheme can be obtained by modifying any standard iterative
procedure for solving the partial-differential equation. This modified procedure, which updates the solution of
the differential equation and the design parameters simultaneously, eliminates the need for the costly inner-outer
iterative procedure. The scheme is demonstrated by application to the problem of determining wind tunnel wall
interference corrections. Results indicate that the ratio of the cost of solving the optimization problem to the cost
of solving the partial-differential equation using a standard iterative scheme is less than L +1, where L is the
number of design parameters.
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Nomenclature
incrementing factor for optimization scheme
decrementing factor for optimization scheme
objective function (or the performance index)
number of design parameters
Mach number
number of iterative sweeps required for updating </> by
the optimization scheme
number of iterative sweeps required for updating P by •
the optimization scheme
number of iterative sweeps required to solve Eq. (2),
with P=P*, using a standard iterative procedure.
number of iterative steps required for solving Eqs. (1)
and (2) using the optimization scheme
number of iterative sweeps required for solving Eqs.
(1) and (2) using the optimization scheme
vector of design parameters (or the decision vector)
residual
coordinate in the undisturbed flow direction
x coordinate relative to the wing leading edge
coordinate normal to the model plane of symmetry
y coordinate normalized by the wing semispan
vertical coordinate in the upward direction
angle of attack
ratio of specific heats
number of iterative steps after which the value of P is
periodically updated
small positive incremental value
incremental value used to update the design parameter
small positive number determining convergence
Ne/Ns
Np/Ns

density
maximum wing thickness
perturbation velocity potential

Subscripts
F = free air
FS = model surface in free air
/ = initial iterative value
/ = element number in design parameter vector
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m = outer iteration number
T = tunnel
TS = model surface in tunnel
oo = undisturbed condition

Superscripts
c = coarse computational mesh
/ = fine computational mesh
n = inner iteration number
* = optimum value

Introduction

THIS paper presents a new optimization scheme for
solving the following optimization problem. Find the

optimum value of P, P* , for which

(1)

(2a)

(2b)

with </) satisfying the partial-differential equation

subject to the boundary condition

B(<f>;P)=0

The approach used here applies to problems for which the
solution <l>(x,y,z) to the boundary-value problem, Eqs. (2), for
a given value of P, is obtained iteratively. An iterative
solution to Eqs. (2) may be required if Eq. (2a) is nonlinear, if
the boundary condition is nonlinear, if Eq. (2a) is linear with
variable coefficients, and so on. The same approach can be
applied to problems where the single equation (2a) is replaced
by a system of equations; however, the discussion here is
confined to the case of a single partial-differential equation.

The optimization scheme presented here is demonstrated by
application to examples from the field of aerodynamics. The
area of wind tunnel wall interference corrections is an
example of where the optimization problem, Eqs. (1) and (2),
arises.1 There, P may be chosen to include the free-air Mach
number and angle of attack. The problem then is to find the
optimum value of P that minimizes E, where E is chosen to be
a measure of the difference between the Mach number on the
model surface in the tunnel and that in free air. In the
aerodynamic applications discussed here, Eq. (2a) is the
potential flow equation or an approximation of it. Airfoil and
wing design problems are other areas in which the op-
timization problem, Eqs. (1) and (2), arises.2"4 In these cases,
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P contains the coefficients of the polynomials or the shape
functions used to define the lifting surface, and E is the drag,
the negative lift, or a measure of the difference between the
pressure on the lifting surface and a desired pressure
distribution.

The procedures presently available for solving the op-
timization problem2"4 are time consuming, and their high cost
prevents their regular use. These procedures are inner-outer
iterative procedures. In such procedures, each outer iteration
results in a new iterative solution for P by using an op-
timization scheme (e.g., the steepest descent method or the
conjugate gradient method). However, each outer iteration
requires that the objective function be estimated and,
.therefore, that a solution for Eq. (2a) be obtained (e.g., by
line relaxation) using the new P. Consequently, Eq. (2a) must
be solved many times before the optimum P value is deter-
mined, resulting in the high cost of calculation. A reduction in
the number of times Eq. (2a) must be solved before the op-
timum P. value is determined has been achieved recently by
utilizing fast approximation methods.5'6

The optimization scheme presented here eliminates the need
for an inner-outer iterative procedure and, thus, the boundary
value problem, Eqs. (2), only needs to be solved once. The
approach used was first presented in Ref. 7. The optimization
scheme developed there, however, is only applicable to single-
parameter problems (i.e., P is a scalar) with an objective
function of a special form. Here, a general scheme applicable
to multi-design-parameter problems is developed and tested.

Formulation
The Old Approach

Available optimization schemes determine the optimum
parameter P* that satisfies condition (1) through an iterative
process. A number of outer iterations or iterative cycles are
required to complete the iterative process. The iterative cycles
determine a sequence of successive approximations, Pm,
where AH = 1,2,...,. that converge to the optimum value P*.
Within the mth iterative cycle (outer iteration), the boundary
value problem, Eqs. (2), is solved by making a number of
iterative sweeps (inner iterations). The inner iterative sweeps
update the value of $, giving the successively improved ap-
proximations, 0^, where A2 = l,2,..., which converge to the
solution </>m , satisfying the boundary value problem

D(<j>m;Pm)=0 m = l,2,...

Figure 1 shows the value of E as a function of the value of P
over a number of iterations. The lines shown on the surface
are constant n lines and constant P lines. Each of the constant
P lines shows the history of E as a function of n for a given P
value. Curve AB traces the minimum values of E as a function
of n. In the old approach to optimization, a value of P is
chosen and the analysis boundary value problem, Eqs. (2), is
solved, tracing a constant P curve on surface E in Fig. 1 as the
iterative solution is obtained. If the value of.E when con-
vergence is reached does not lie on curve AB, a new P value is
chosen and another analysis boundary value problem is
solved, tracing another constant P curve on surface E. This
procedure continues until a P value is found for which E lies
on curve AB when convergence is reached.

The New Approach
Unlike the old approach just described for solving Eqs. (1)

and (2), the approach followed here eliminates the need for
the outer iterative cycles. In this approach, the boundary-
value problem (2) is solved in an iterative manner that updates
the values of P as well as 0 in each iterative sweep. This results
in the successively improved approximations (</>", P"),
n = 1,2,..., which converge to the solution (</>*,P*), satisfying

the optimization problem, Eqs. (1) and (2). This basic idea of
updating both <t> and P simultaneously can be used to develop
a family of efficient optimization schemes. A single-
parameter scheme belonging to this family was developed in
Ref. 7. Below, a general scheme applicable to multi-parameter
problems is developed. A discussion of the newly developed
scheme is given for the special case of a single-design-
parameter problem. The equations are developed for this
special case, then they are generalized to multi-design-
parameter problems.

Modifying the iterative procedure for the analysis problem
to allow the value of P to vary as the iterations proceed results
in a family of E curves similar to those of Fig. 1. One of these
curves defines the minimum E curve CD (see Fig. 1) similar to
the minimum curve AB. The projection, C'D', of the CD
curve onto the P-n plane defines the minimum E path given by

p=pn=pn.r—r —-rmin

The new scheme developed here modifies the iterative
procedure for solving the analysis problem to follow a
modified minimum E path

pn _ pn
•* ~ *• amih

which is an approximation to the minimum E path. Since this
path is not known a priori, it must be determined during the
iterative procedure. Iterative sweeps are required to determine
the path Pn

a min. It is therefore noted that, in the analysis
iterative procedure, given the «th iterative solution </>", the
n + lst iterative step, which determines the iterative solution
4>n+1, requires only a single iterative sweep defined by

/ I/C / / / /

Fig. 1 Dependence of objective function history on P.
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where ^ ((/>", P) denotes the solution obtained by making a
single iterative sweep using 0" as an initial guess and P as the
value of the design parameter. Similarly, in the new scheme,
given the nth iterative solutions (<t>n,Pn\ the n+ 1st iterative
step, which determines the iterative solutions <t>n+l and Pn+1 ,
requires a single iterative sweep to evaluate <t>n + 1 ,

However, to determine Pn+1, further iterative sweeps may be
required. Following the minimum E path (P" = Pmin) would
be costly since the precise determination of such a path would
require many iterative sweeps each iterative step. It is for this
reason that the approximate minimum path, P2min» has been
chosen. This path is chosen such that the deviation between
the paths Pn

a min and P^in is proportional to the deviation
between the iterative solution 0" and the final converged
solution 0*. In other words, for small values of n, for which
0" is not a good approximation to 0*, the deviation between
the two paths is allowed to be large; however, for large n
values (for which 0" is nearly converged) both paths con-
verge.

In the n + 1st iterative step, the value of P is updated by the
equation

pn + l — pn _j_ $pn + l

where
n + 1
AN

= 1,2,3,...

= 0,
AN * 1,2,3,...

En
0

+1=E(Pn\$>°>n+1), "+
+1 =E(Pn

+;3>]'n+1)

P"+=P"+AP, j = n + l-AN

and AP is a small, positive perturbation. Since updating P
every time 0 is updated may be too costly, the scheme allows
P to be updated every AN iterative steps, where A/V>1. The
sign of the increment 5Pn+1 is taken to be the same as the sign
of (En

0
+1 -En+!\ while the magnitude of dPn+1 is c1 I6P7? I

and c2 I6P1? I for the cases in which 5Pn+1 and 6P77 are of the
same sign and opposite signs, respectively. The constants c\
and c2 are positive with c1 > 1 and c2 < 1 . The n + 1st iterative
solution for 0 is given by

(3)

The following formula allows the calculation of 0 /7+/ without
performing the iterative sweep defined by Eq. (3):

AP

The iterative process continues until the convergence criterion

max( \Rn I -e,, \dP" I -ep) <0 (4)

is satisfied, where Rn is the maximum residual for the set of
finite-difference equations at the nth iteration, and ee and ep
are small positive numbers. The iterative process is depicted in
Fig. 2.

In extending the scheme to a multiparameter problem, it
becomes necessary to update each of the design parameters.
To update a given design parameter, the values from the
previous iterative step of the other design parameters are held

fixed and the scheme described for the case of a single-
parameter problem is used. In the n+\st iterative step, the
value of Pf (the Ith element of the design parameter vector) is
updated by

where

+ c2(sf+I-1)], ——=1,2,3,
AN

= 0,
n + 1
AN * 1,2,3,

pO.,n —

PI

P»2

PIL J

Pl>n=P°>n+elAP 1=1,2,

and

The n + 1st iterative solution for 0 is then given by

(5)

The following formula allows the calculation of 0"+/ without
performing the iterative sweep defined by Eq. (5):

=<f>0,n (6)

The iterative process continues until the convergence criterion

max( \R" I -ee, IdPf I -ep) <0 1=1,2,...,L

is satisfied.

Results and Discussion
In this section, the optimization procedure described

previously is applied to examples that arise from wind tunnel
wall interference correction problems. The correction
procedure of Ref. 1 is formulated as an optimization problem
with constraints. In order to test the new optimization
scheme, a modification of the procedure of Ref. 1, which
reformulates the problem as an optimization problem without
constraints, is used. An inviscid flow about the tested model
in the tunnel is numerically simulated and, through an
iterative procedure described in Ref. 1, the angle of attack GLT
is determined such that the calculated lift is equal to the
measured lift. The angle of attack will differ from the actual
angle of attack of the tested model due to viscous effects
present in the experiment, but not in the numerical simulation



DECEMBER 1983 A NEW APPROACH TO NUMERICAL OPTIMIZATION 1643

of the flow and to the geometrical differences between the
actual model and the numerical simulation of the model. The
Mach number distribution on the wind tunnel model surface,
MTS, at an angle of attack OLT and for a freestream Mach
number MToo equal to the experimental freestream Mach
number is calculated. The corrected free-air angle of attack
dp and Mach number Mp^ are found for the inviscid flow by
solving Eq. (1) with

= j -M ]2dSJ^M2
T dS

The integrals here are taken over the model surface. The
objective function is a measure of the Mach number dif-
ference on the model surface for the numerically simulated
free-air flow and the numerically simulated wind tunnel flow.
The flow is assumed to be governed by the transonic small-
disturbance equation. Therefore,

where

Equation (2a) is solved subject to the model surface boundary
condition specifying zero flow through the model surface and
to free-air far-field conditions. The successive line
overrelaxation procedure8 for solving the transonic small-
disturbance equation is modified to allow the updating of the
design parameters as described above.

The wind tunnel correction procedure is applied to an
airfoil in a solid-wall tunnel (see Fig. 3a) and to a wing in a
solid-wall tunnel (see Figs. 3a and 3b). The optimization
procedure is applied first to the problem of correcting the
freestream Mach number due to wind tunnel blockage effects.
In this problem, the design parameter Pis a scalar equal to the
undisturbed free-air Mach number. The optimum value of P
is equal to the corrected free-air Mach number M^. Mach
number corrections are calculated for a NACA 0012 airfoil of
chord 1.0 and zero angle of attack located in the middle of a
solid-wall wind tunnel of height 3.26 (see Fig. 3a). The wind
tunnel freestream Mach number MToo is taken to be 0.8.

A comparison between the Mach number distribution on
the airfoil surface for the wind tunnel flow (M^ =0.8), the
free-air flow at the corrected condition (71^=0.8174), and
the free-air flow at the uncorrected condition (M^ =0.8) is
given in Fig. 4. The objective function was reduced from the
value £"=3.46 x 10~3 for the flow with the uncorrected Mach
number (M^ =0.8) to the value E= 1.39x 10~5 for the How
with the corrected Mach number (M^ =0.8174).

To estimate the effect of correcting the Mach number, as
described above, on the rate of convergence of the flowfield
solution, a standard calculation with MFoo= 0.8174 is per-
formed. In this calculation, MFoo is not updated during the
iterative process. A solution obtained on a coarse com-
putational mesh is used as an initial guess for solving the
problem on the final mesh. A comparison between the
number of iteration sweeps (Nc

w and N^) required for the
convergence (ec

e =0 .5x lO~ 3 , e£ = 0 .5xlQ- 3 , 4 = 0 .5x lO~ 4 ,
e£ = 0 .5xlO~ 5 ) of the present iterative process and the
number of iterative sweeps (Nc

s = 133, 7V£ = 181) required for
the convergence (ec

e = 0.5 x!0~3 , e£ = 0.5xlO-3) of the
standard iterative process is made for different parametric
values. Before presenting the results of the parametric study,
it is convenient to define /*,

Nw Nt(l+L/AN)
r NS(L + 1) NS(L + 1)

to be a measure of the scheme efficiency. The efficiency is
increased as the value of u is decreased. The total number of

iterative sweeps Nw may be expressed as the sum

Nw=Ne+NP

of the number of iterative sweeps Ne( = Nt) required to solve
the partial-differential equation and the number of iterative
sweeps NP(=N(L/AN) required to determine the approximate
minimum E path

Pn=Pnamm

Unless otherwise stated, the following parametric values are
used:

c7 = 1.2, c2=0.6

<57* = 0.02, 5P{ = 0.002

7^=0.83, AA/=1

and -Pf is always taken to be equal to the optimum P value as
determined from the coarse mesh calculation. The value of
AP is taken to be 10 ~ 6 in all calculations.

Three sets of values for c1 and c2 were used in the
calculations. Table 1 indicates that the scheme efficiency is
insensitive to variations in CL and c2. Since \f < 1 and //< 1,
the minimum E path increases the rate of convergence for
solving Eqs. (2) compared to the corresponding rate of the
standard iterative path procedure in which a constant P path
(P=P*) is followed. Similar conclusions can be drawn from
Tables 2 and 3, in which the values of 37* and 7*" have been
varied. Table 3 also indicates that the scheme has good
convergence properties for the case in which the initial guess
for the design parameter is chosen to closely approximate the
optimum solution, as well as the case in which this initial
guess is chosen away from the optimum solution. Therefore,
the present scheme does not have the difficulties9 associated

1.63

z v—

1.63

1.89

4.0

b)

-1.0-

r
Fig. 3 Wing in tunnel: a) side view; b) top view.
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Table 1 Effect of Cj and c2 on scheme efficiency 1.2

Mc /
1.1
1.2
1.5

0.8
0.6
0.4

0.83
0.82
0.83

0.90
0.90
0.90

Table 2 Effect of 6P/ on scheme efficiency

fipf dpf »c /
0.002
0.02
0.2

0.002
0.002
0.002

0.82
0.82
0.82

0.90
0.90
0.90

Table 3 Effect of P/ on scheme efficiency

Pf Pf Mc //

0.4
0.83
0.90

'0.8154
0.8154
0.8154

0.83
0.82
0.82

0.90
0.90
0.90

Table 4 Effect of AN on scheme efficiency

AN

1
2
3
4 v
5
6
7

KC K° I/

0.82 0.82 0.90
0.82 0.41 0.92
0.81 0.27 0.96
0.83 0.20 0.94
1.17 0.23 0.97
1.08 0.18 1.13
1.21 0.17 1.62

4
0.90 0.82
0.46 0.61
0.32 0.54
0.23 0.52
0.19 0.70
0.19 0.63
0.23 0.69

/

0.90
0.69
0.64
0.59
0.58
0.66
0.93

with first-order gradient methods (which have poor con-
vergence characteristics as the optimum solution is ap-
proached) and with second-order gradient methods (which
may have convergence problems away from the optimum
solution).

Table 4 shows the effect of varying AW on the scheme ef-
ficiency. In addition to the values of /A, the values of Ke and KP
are given. While [JL is a measure of the scheme efficiency, Ke is
a measure of the cost of determining the solution 0 as the
approximate minimum path (Pn =P2min) is followed, and KP
is a measure of the cost required to determine this path. It is
noted that there is an optimum AN value, AW*, which causes
/>t to take its minimum value. The table indicates that the
optimum value is 4 for the coarse mesh calculations and 5 for
the fine mesh calculations. This optimum value for AW is that
value which causes the convergence criteria

and
\Rn\-ee<0

\5Pn\-eP<0

(7)

(8)

to be satisfied simultaneously. In this case, both 0* and P*
will be determined to the desired accuracy. However, if
AW<AW*, condition (8) becomes satisfied at an earlier
iteration than that at which condition (7) becomes satisfied.
To satisfy the convergence criterion, Eq. (4), the scheme will
determine P* to a higher order of accuracy than desired,
leading to unnecessary computational costs. If AW> AW*, the
reverse situation occurs, and the scheme determines 0* to a
higher order of accuracy than required.

Table 5 shows the results of varying cl and c2 for a AW
value of 4. A comparison of Tables 1 and 4 indicates that the
scheme efficiency is less sensitive to variations in c/ and c2 for
the case with AW= 1 than for the case with AW=4. This is

1.0

M

0.8

0.6

Free Air Flow at
the Corrected Conditions

Free Air Flow at the
Uncorrected Conditions

) 0.5
X

Fig. 4 Mach number distribution on airfoil surface.

expected, since the path P=Pam[n is updated more often in the
first case than in the second.

A multi-design-parameter example has been calculated with

P =
*Foo 0.83

0.13

The optimum solution for this example was found to be given
by

" 0.8181
P* =

0.1193

Allowing T to be a design parameter has slightly improved the
value of E= 1.29x 10 ~5 over the one design-parameter case
(E= 1.39x 10~5). Table 6 compares the scheme efficiency for
the two cases.

The correction procedure has been applied to a rectangular
wing with a NACA 0012 airfoil section. The geometrical
configuration of the wing in a solid-wall wind tunnel is shown
in Figs. 3a and 3b. The undisturbed tunnel Mach number is
assumed to be 0.8, while the value of the lift experienced by
the wing is assumed to be 0.583. The corresponding angle of
attack GLT is found to be 2.6765 deg. In this problem, the
vector P is defined by

P = r

OLp

The optimization problem is solved with

~ 0.4 "

0.2

=

»

" 0.005 "

0.005

0.10

0.1

0.02

0.5

AW=3
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Comparisons between the Mach number distributions on the
wing top and bottom surfaces at the mid-semispan station for
the wind tunnel flow (Mx =0.8, r = 0.12, a = 2.7675 deg), the
free-air flow at the corrected conditions (M(X= 0.8130,
T = 0.1169, a = 3.2136 deg), and the free-air flow at the un-
corrected conditions (M^ =0.8, r = 0.12, a = 2.1615 deg) are
given in Figs. 5 and 6. Figure 7 compares the shock wave
location [X=Xs(y)} for the three flows.

The objective function was reduced from the value
£"=2.73 x 10~3 for the flow at the uncorrected conditions to
the value E= 1.21 x 10~4 for the flow with the corrected
conditions. Table 7 compares the efficiency of this example to
the two-dimensional one (P=MFoo) and two [P=(MFoo,r)]
design-parameter problems. All three examples have been
calculated using the same scheme parameter values.

The present optimization scheme has been applied to the
problem of correcting wind tunnel wall interference effects,
while the old approach has been applied to airfoil design
problems2 and wing design problems.3'4 Also, the more recent
approximation methods5'6 have been applied to airfoil design
problems. It is, therefore, not possible to make a comparison
between the results of the present approach and those of
previous approaches. Nevertheless, it is appropriate to give a
limited discussion about certain aspects of the different
approaches.

In applying the old approach to airfoil and wing design
problems, the usual procedure has been to couple an existing
aerodynamic analysis code (which solves Eqs. (2) iteratively
for a given P) to an optimization code (which finds the op-
timum P iteratively). The repetitive execution of time-
consuming analysis codes is the source of the high cost of the
old approach. In Refs. 5 and 6, the number of the times the
analysis code must be executed is reduced by evaluating the
objective function using approximation methods.

The approach used in Ref. 5 is to develop a second-order
Taylor series expansion of the function in terms of the design
parameters. The coefficients of the expansion are calculated
using a least-square fit to data developed earlier in the op-
timization process. The Taylor series expansion is then used
during optimization, rather than calling the aerodynamics
program for precise determination of the objective function.
When the optimum airfoil has been found, based on this
approximation, the airfoil is analyzed precisely by using the
aerodynamics program. The results are added to the data set,
and a new approximation to the objective function is defined.
Optimization is then performed using the new function, and
the process is repeated until convergence is achieved. To
provide a second-order Taylor series expansion,

Table 5 Effect of Cj and c2 on scheme efficiency for AW = 4

1.1
1.2
1.5

0.8
0.6
0.4

1.02
0.52
0.51

0.81
0.59
0.68

Table 6 Effect of L on scheme efficiency

1
2

0.82
0.68

0.82
1.37

0.90
0.86

0.90
1.72

0.82
0.68

0.90
0.86

Table 7 Scheme efficiency for two- and three-dimensional examples

Example L \jf //

2-D
2-D
3-D

0.58
0.90
0.82

0.62
0.49
0.70

(L + 1)(1 +L/2), separate analyses are required. Therefore,
assuming that only a few analyses are required beyond those
needed for the second-order approximation, this method
requires fewer aerodynamic analyses than the old method,
provided the number of design parameters is less than 20. In
a typical design, the old approach requires about 10 (L + 3)
aerodynamic analyses to achieve an optimum design.5 In both
the old approach and the approach of Ref. 5, the number of
aerodynamic analyses required to achieve an optimum design
may deviate widely from the above estimates, depending on
the initial estimate of the solution at the beginning of the

1.3

1.2

1.1

1.0

M

0.9

0.8

0.7

0.6

• • • • Free Air Flow at
the Corrected Conditions

—— — Free Air Flow at the
Uncorrected Conditions

0.5

Fig. 5 Mach number distribution on wing top at the mid-semispan
station.

1.0

0.8

M

0.6

0.4

Wind Tunnel Flow

• • • • Free Air Flow at the
Corrected Conditions

—— — Free Air Flow at the
Uncorrected Conditions

0.5
X

Fig. 6 Mach number distribution on wing bottom at the mid-
semispan station.
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0.8

0.4

0.0

• • • • Free Air Flow at the
Corrected Conditions

— - — Free Air Flow at the
Uncorrected Conditions

0.5
Y

Fig. 7 Shock position on wing top.

design process. While an initial estimate of the solution,
which closely approximates the optimum solution, will
require approximately (L+ 1)(1 +L/2) separate analyses to
achieve an optimum solution by the method of Ref. 5, a much
larger number of separate analyses will be required for an
initial estimate of the solution chosen independently from the
optimum solution.

The idea of using approximate functions during op-
timization, instead of calling the aerodynamics program for
precise determination of the objective function, has been used
in developing the optimization scheme of Ref. 6. This scheme
uses the method of coordinate straining to evaluate the ap-
proximate solutions. In this method, the approximate
determination of perturbations in solutions that correspond
to perturbations in some parameters are evaluated using two
baseline solutions. The baseline solutions are evaluated using
the aerodynamics program. The optimization procedure
begins by making (L + l) aerodynamic analyses to allow
approximate evaluations of objective function perturbations
corresponding to design parameter perturbations. Ap-
proximate solutions are then used during optimization. When
the optimum airfoil has been found, based on this ap-
proximation, the airfoil is analyzed precisely by using the
aerodynamics program. The program is then called to make L
analyses to allow the evaluation of new approximate
solutions, and the process is repeated until convergence is
achieved. The total number of analyses is, therefore, K(L + 1),
where K is the number of cycles required for convergence.
This number may vary widely depending on the initial
estimate of the solution at the beginning of the design process.

The use of the method of coordinate straining in the op-
timization procedure of Ref. 6 limits its applicability to a
special class of nonlinear problems. Straining the coordinates
allows the approximate solutions to include the nonlinear
behavior resulting from the movement of discontinuities or
high-gradient regions. However, if the locations of these
special regions are unaffected by design parameter per-
turbations, the resulting approximate solutions coincide with
linear interpolation, and the objective function ap-
proximation becomes a linear function of the design
parameters. The solution to the approximate optimization
problem is then unbounded, leading to no meaningful results.
Moreover, if the baseline solutions contain no discontinuities
or special high-gradient regions, the coordinate straining
method becomes inapplicable.

For the examples solved here using the new scheme, the
number of equivalent analyses required to achieve an op-
timum design is equal to ju(L+l) where 0.49</*<!.02. An
equivalent analysis is defined to be that analysis process which
solves the boundary-value problem (2) with P set equal to P*
and with an initial estimate of the solution equal to that used
at the beginning of the optimization process. Although some

estimates have been presented for the number of times the
analysis program is executed using different optimization
schemes, a comparison between the relative costs of the
different optimization procedures is not possible at this time.
In comparing previous procedures, authors have used the
number of times the analysis program is executed during the
design process as a measure of the cost. This, however, is not
a good measure for comparison since the cost per execution
may vary widely, depending on the initial estimate of the
solution at the beginning of the execution. A better measure
for comparison between the different procedures is Nw, the
total number of iterative sweeps (inner iterations) required
during the design process or the number of equivalent
analyses.

In calculations presented here, Eq. (6) has been used to
obtain an approximation to (fcn+], instead of obtaining the
precise solution through the application of Eq. (5). The use of
the approximate relation reduces the total inner iterative
sweeps by the factor (L + AN)/(L + AN+ 1). Since this factor
is generally close to unity, the use of Eq. (6) instead of Eq. (5)
does reduce the cost of calculations, but not by a substantial
amount. In general, the use of Eq. (5) may be preferred since
the use of this equation reduces the number of 0 array storage
requirements from four to two. Previous optimization
schemes require at least two </> array storage spaces.

The scheme presented here is applicable to optimization
problems without constraints. It is possible to extend the
scheme to optimization problems with constraints. This will
require evaluation of the constraint functions in addition to
the objective function and updating the design parameters in a
way that does not violate the constraints. Some optimization
problems with constraints, however, may be solved in an
approximate manner using the present scheme by including
the quantity to be constrained in the definition of the ob-
jective function.

Conclusions
An efficient scheme has been presented for solving op-

timization problems in which the objective function is
dependent on the solution of a partial-differential equation.
The scheme eliminates the need for an inner-outer iterative
procedure. It solves the partial-differential equation only
once, thereby reducing the cost of computation to an extent
that would allow its use as a practical tool in optimization
problems.

The number of iterative sweeps required to solve the op-
timization problem is (L + l)A^/x, where the values of /* for all
the examples solved herein were within the range
0.49</>t< 1.02. The results indicate that the scheme has good
convergence properties for the case in which the initial guess
for the vector of design parameters is chosen to closely ap-
proximate the optimum solution, as well as for the case in
which this initial guess is chosen independent of the optimum
solution. For a given set of scheme parameters the optimum
AW value, which leads to the best scheme efficiency, is that
value which leads to the simultaneous convergence of <t> and
P.

The optimization scheme requires an iterative procedure for
solving the partial-differential equation. The procedure used
here is the line relaxation procedure; however, the op-
timization scheme is not limited to a particular procedure.

Acknowledgments
This work was partially supported under a Flow Industries

Research and Technology Division IR and D project.

References
]Rizk, M. H., Hafez, M., Murman, E. M., and Lovell, D.,

"Transonic Wind Tunnel Wall Interference Corrections for Three-
Dimensional Models," AIAA Paper 82-0588, AIAA 12th
Aerodynamic Testing Conference, Williamsburg, Va., March 1982.



DECEMBER 1983 A NEW APPROACH TO NUMERICAL OPTIMIZATION 1647

2Hicks, R. M., Murman, E. M., and Vanderplaats, G. N., "An
Assessment of Airfoil Design by Numerical Optimization " NASA
TMX-3092, July 1974.

3Hicks, R. M. and Henne, P. A., "Wing Design by Numerical
Optimization," Journal of Aircraft, Vol. 15, July 1978, pp. 407-412.

Hicks, R. M., "Transonic Wing Design Using Potential-Flow
Codes—Successes and Failures," SAE Paper 810565, Business
Aircraft Meeting and Exposition, Wichita, Kan., April 1981.

5Vanderplaats, G. N., "Approximation Concepts for Numerical
Airfoil Optimization," NASA TP 1370, March 1979.

6Stahara, S. S., "The Rapid Approximate Determination of
Nonlinear Solutions: Application of Aerodynamic Flows and

Design/Optimization Problems," Progress in Astronautics and
Aeronautics, Transonic Aerodynamics, Vol. 81, edited by D. Nixon,
AIAA, New York, 1982, pp. 637-659.

Rizk, M. H., "A New Approach to Optimization for
Aerodynamic Applications," Journal of Aircraft, Vol. 20, Jan. 1983,
pp. 94-96.

8Rizk, M. H., "Propeller Slipstream/Wing Interaction in the
Transonic Regime," Journal of Aircraft, Vol. 18, March 1981 DD
184-191.

9Bryson, A. E. Jr. and Ho, Y. C., Applied Optimal Control, Ginn
and Company, Waltham, Mass., 1969, pp. 221-234.

From the AIAA Progress in Astronautics and Aeronautics Series...

GASDYNAMICS OF DETONATIONS
AND EXPLOSIONS—v. 75

and
COMBUSTION IN REACTIVE SYSTEMS—v. 76

Edited by J. Ray Bowen, University of Wisconsin,
N. Manson, Universite de Poitiers,

A. K. Oppenheim, University of California,
and R. I. Soloukhin, BSSR Academy of Sciences

The papers in Volumes 75 and 76 of this Series comprise, on a selective basis, the revised and edited manuscripts of the
presentations made at the 7th International Colloquium on Gasdynamics of Explosions and Reactive Systems, held in
Gottingen, Germany, in August 1979. In the general field of combustion and flames, the phenomena of explosions and
detonations involve some of the most complex processes ever to challenge the combustion scientist or gasdynamicist,
simply for the reason that both gasdynamics and chemical reaction kinetics occur in an interactive manner in a very short
time.

It has been only in the past two decades or so that research in the field of explosion phenomena has made substantial
progress, largely due to advances in fast-response solid-state instrumentation for diagnostic experimentation and high-
capacity electronic digital computers for carrying out complex theoretical studies. As the pace of such explosion research
quickened, it became evident to research scientists on a broad international scale that it would be desirable to hold a regular
series of international conferences devoted specifically to this aspect of combustion science (which might equally be called
a special aspect of fluid-mechanical science). As the series continued to develop over the years, the topics included such
special phenomena as liquid- and solid-phase explosions, initiation and ignition, nonequilibrium processes, turbulence
effects, propagation of explosive waves, the detailed gasdynamic structure of detonation waves, and so on. These topics, as
well as others, are included in the present two volumes. Volume 75, Gasdynamics of Detonations and Explosions, covers
wall and confinement effects, liquid- and solid-phase phenomena, and cellular structure of detonations; Volume 76,
Combustion in Reactive Systems, covers nonequilibrium processes, ignition, turbulence, propagation phenomena, and
detailed kinetic modeling. The two volumes are recommended to the attention not only of combustion scientists in general
but also to those concerned with the evolving interdisciplinary field of reactive gasdynamics.

Volume 75—468pp., 6x9, illus., $30.00Mem., $45.00List
Volume 76—688pp., 6x9, illus., $30.00Mem., $45.00List

Set—$60.00 Mem.,$75.00 List

TO ORDER WRITE: Publications Order Dept., AIAA, 1633 Broadway, New York, N.Y. 10019


